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Ionicioiu and Spiller [Phys. Rev. A 85, 062313 (2012)] have recently presented an axiomatic 
framework for mapping graphs to quantum states of a suitable physical system. Based on their 
study, we first extend the axiomatic framework to hypergraphs by means of modifying its axioms 
and consistency conditions. Then we use the axiomatic approach to encode hypergraphs into a 
new family of quantum states, called the hypergraph states. Moreover, we also try to do the 
followings: (i) to show that real equally weighted states, which occur in Grover and Deutsch-Joza 
algorithms, are equivalent to hypergraph states; (ii) to describe the relations among hypergraph 
states, graph states and stabilizer states; (iii) to provide some transformation rules, stated in purely 
hypergraph theoretical terms, which completely characterize the evolution of hypergraph states 
under some local operations, including operators in Pauli group and some special local Pauli 
measurements; and (iv) to investigate some properties of multipartite entanglement of hypergraph 
states by hypergraph theory. 
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1. Introduction 
It is well known that any graph state [1-4] can be constructed on the basis of a (simple and 
undirected) graph. Although graph states can describe a large family of entangled states including 
cluster states [5], GHZ states, stabilizer states [6], etc., it is clear that they cannot represent all 
entangled states. To go beyond graph states and still keep the appealing connection to graphs, Ref. 
[7] introduces an axiomatic framework for mapping graphs to quantum states of a suitable 
physical system, and extends this framework to directed graphs and weighted graphs. Several 
classes of multipartite entangled states, such as qudit graph states [8], Gaussian cluster states [9], 
projected entangled pair states [10], and quantum random networks [11], emerge from the 
axiomatic framework. The main aim of this paper is to develop a new approach of encoding 
hypergraphs into quantum states. Therefore we generalize the above axiomatic framework to 
hypergraphs. We use the axiomatic approach to define a new class of quantum states of n qubits, 
called the hypergraph states. Any hypergraph state can be constructed by a (undirected) 
hypergraph as follows. Each vertex of the hypergraph labels a qubit, and each hyperedge is 
associated with an operator called a hyperedge gate. The hypergraph state is constructed from 
some initial state by successively applying the hyperedge gate corresponding to each hyperedge of 
the hypergraph.  
There have been several approaches of mapping (classical) Boolean functions to quantum states 
which include hypergraph states. Ref. [12] introduces the concept of a quantum Boolean function 
on n qubits, which is defined as a unitary and hermitian operator on n qubits. Clearly, each 
classical Boolean function { } { }: 0,1 0,1nf →  may be implemented on a quantum computer by 
means of the so-called phase oracle fO  as follows. 
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where x  represent the computational basis states of n qubits. Since the phase oracle fO  is 
unitary and hermitian, it is a quantum Boolean function corresponding to f. Note that the 
state fψ , called a real equally weighted state in [13, 14], occurs in Grover [15] and 
Deutsch-Joza [16] algorithms. In this paper, we show that real equally weighted states are 
equivalent to hypergraph states. Thus any real equally weighted state can be constructed by not 
only a Boolean function but also a hypergraph. It implies that we may investigate the properties of 
the real equally weighted states by means of the hypergraph theory. We also show that hyperedge 
gates are a class of special quantum Boolean functions which are independent and commutative 
with each other. Thus each hypergraph can give rise to a quantum Boolean function in a natural 
way.  
Ref. [17] shows every Boolean function { } { }: 0,1 0,1nf →  can give rise to a so-called 
quantum Boolean state which is expressed (up to a global factor) in the form ( )
{ }0,1 nx
x f x
∈
∑ . 
Moreover, each Boolean state can be translated into a categorical (Boolean) tensor network state. 
Note that the state ( )
{ }0,1 nx
f x x
∈
−∑ , where ( )1 0 1
2
− ≡ + , is just (up to a global scalar 
factor) a real equally weighted state, i.e., a hypergraph state. Boolean tensor network states are 
used to study the decidability questions in [18], and to define a class of algorithms for efficiently 
solving some search problems in [19]. Ref. [20] uses symmetries of Boolean functions to unify 
and extend various constructions of spin Hamiltonians embedding Boolean functions into their 
ground-state subspaces. 
One may ask (i) whether every hypergraph state is of stabilizer states and (ii) whether every 
hypergraph state is of graph states. If local unitary transformations are not considered, our answers 
about the above questions are both “no”. This implies that the relations among hypergraph states, 
graph states and stabilizer states are described as follows: hypergraph states include graph states; 
graph states constitute a subclass of the stabilizer states; and any hypergraph state, constructed by 
a hypergraph whose rank is more than 2, is not of stabilizer states.  
It is clear that one can characterize hypergraph states by means of hypergraph theory. In this 
paper we show how to translate the action of some local operations (including operators in Pauli 
group and some special local Pauli measurements) on hypergraph states into the transformations 
on their corresponding hypergraphs, that is, to derive some transformation rules, stated in purely 
hypergraph theoretical terms, which completely characterize the evolution of hypergraph states 
under these local operations. Moreover, we also study some properties of multipartite 
entanglement [21] of hypergraph states by hypergraph theory. 
This paper is organized as follows. In Sec. 2 we will recall some notations of hypergraphs, 
Boolean functions and Pauli group. We will show how to encode hypergraphs into quantum states 
by an axiomatic framework in Sec. 3. In Sec. 4 we will define the hypergraph states by means of 
the framework in Sec.3. In Sec. 5 we will show that real equally weighted states are equivalent to 
hypergraph states. We will show how any operator in Pauli group on a hypergraph state is 
translated into the operation of adding some specified hyperedges to its corresponding hypergraph 
in Sec. 6. In Sec. 7 we will describe the relations among hypergraph states, graph states and 
stabilizer states. We will show how some special local Pauli measurements are translated into the 
operations of deleting the vertices in Sec. 8. We will investigate some properties of multipartite 
entanglement of hypergraph states in Sec. 9. We will summarize our conclusions in Sec. 10. 
 
2. Preliminaries 
Formally, a hypergraph is a pair ( ),V E , where V is the set of vertices, ( )E V⊆℘  is the set 
of hyperedges and ( )S℘  denotes the power set of the set S. The set of all hypergraphs of n 
vertices is denoted by nΘ . The empty hypergraph is defined as ( ),V Φ . If a hypergraph only 
contains the empty hyperedge Φ  or one-vertex hyperedges (called loops), it is trivial. The rank 
of a hypergraph g, denoted by ( )ran g , is the maximum cardinality of a hyperedge in g. Moreover, 
a hypergraph can be depicted by the visual form as shown in Fig. 1. Each vertex is represented as 
a dot while each hyperedge is represented as a closed curve which encloses the dots corresponding 
to vertices incident with the hyperedge. 
A hypergraph ( )', 'V E  is called a subhypergraph of ( ),V E if 'V V⊆  and 'E E⊆ . Two 
hypergraphs ( ),V E  and ( )', 'V E  are isomorphic if there exists a permutation P on V, that is, 
a 1-1 mapping : 'P V V→ , such that ( )'V P V=  and ( ){ }'
e E
E P v v e
∈
= ∈∪ . The vertices 
incident with the same hyperedge are referred to as being adjacent. A sequence of 
vertices 1 2, ,..., pv v v  such that kv and 1kv +  are adjacent for all 1 1k p≤ ≤ −  is called a path 
joining 1v  to pv . A hypergraph is connected if any two vertices are joined by a path. Otherwise, 
it is disconnected. A component of a hypergraph g is a connected subhypergraph contained in no 
other connected subhypergraph. The number of components of a hypergraph g is denoted 
by ( )con g .  
We define the sum of ( ),g V E=  and ( )' ', 'g V E=  as ( )' ', 'g g V V E E∆ ≡ ∆∪  where 
'E E∆  denotes the symmetric difference of E and E’, that is, ' ' 'E E E E E E∆ = −∪ ∩ . Given 
a hypergraph ( ),g V E= , there are two ways of deleting vertex k to obtain a new hypergraph 
( )' ', 'g V E= : (i) Delete vertex k in V, together with all hyperedges incident with k, which means 
that { }'V V k= − and { }' |E E e k e e E= ∆ ∈ ∧ ∈ . Denote the obtained hypergraph g’ by 
{ }g k+− ; (ii) At first delete vertex k in V and replace each hyperedge e incident with k to 
{ }e k− . Then delete all repeated hyperedges. This implies { }'V V k= −  and 
{ } { }{ }' | |E E e k e e E e k k e e E= ∆ ∈ ∧ ∈ ∆ − ∈ ∧ ∈ . Denote the obtained hypergraph g’ by 
{ }g k
−
− . In Fig.1, the hypergraphs cg  and dg  are respectively corresponding to { }1ag +−  
and { }1ag −− . Similar to graph theory, one can define the vertex cover of a hypergraph 
( ),g V E= . If a trivial hypergraph is obtained by deleting all vertices in a subset of V, then the 
subset is called a vertex cover of g. In Fig.1, the sets { }3  and { }1,4  are two different vertex 
covers of the hypergraphs ag . Moreover, for a set of the hyperedges ( )F V⊆℘ , adding all 
hyperedges of F to a hypergraph ( ),g V E=  will obtain a new hypergraph  
( ),g F V E F+ ≡ ∆ . The hypergraph { } { }{ }, 2,3b ag g= + Φ  is shown in Fig.1. 
Let [ ] { }1,2,...,n n≡ . Define a mapping on [ ]( )n℘  as 
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Then an n-variable Boolean function ( ) ( )1 2, ,..., nf x f x x x≡  can be written as the so-called 
algebraic normal form as follows. 
[ ]
( )e
e n
a c e
⊆
⊕                                    (3) 
where the coefficients { }0,1ea ∈  and ⊕ denotes the addition operator over 2 . The algebraic 
degree and codegree of f are respectively defined as ( ) [ ] 0deg maxee n af e∈ ∧ ≠≡  and 
( ) [ ] 0codeg minee n af e∈ ∧ ≠≡  where e denotes the cardinality of the set e. The quadratic functions 
are the Boolean functions with algebraic degree at most two. The set of all n-variable quadratic 
functions is denoted by nQ . The set of all n-variable Boolean functions is denoted by nΩ . 
For convenience, let [ ]n  be the set of n vertices. Then we can construct a 1-1 mapping 
: n nu Θ → Ω  which satisfies [ ]( ), ng n E∀ = ∈Θ , 
( ) ( )
e E
u g c e
∈
= ⊕ .                                (4) 
Moreover, it is clear that , ' ng g∀ ∈Θ , ( ) ( ) ( )' 'u g g u g u g∆ = ⊕ , which implies that 
( ),nΘ ∆  is isomorphic with ( ),nΩ ⊕ . Thus every n-variable Boolean function can be uniquely 
represented as a hypergraph of n vertices. 
  Denote the 2 by 2 identity matrix by I  and let 
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Define nG , the Pauli group on n qubits, as 2
n
 by 2n  matrices of the form 
1 2 ... np p pα ⊗ ⊗ ⊗  for some { }1, 1, ,i iα ∈ − −  and { }, , ,k x y zp I σ σ σ∈ . Define ( )kxσ as 
xσ  acting on the k-th qubit, i.e., 
1k n k
xI Iσ
⊗ − ⊗ −⊗ ⊗ . Similarly for ( )kyσ  and 
( )k
zσ . 
 
3. Axiomatic framework and Hypergraphs 
Ref. [7] has presented an axiomatic framework for encoding graphs into quantum states. The 
framework defines a class of theories characterized by a triplet ( ), ,H Uφ  where H  is the 
Hilbert space associated to a vertex, Hφ ∈  is an initial state, and U  is an edge operator 
acting on H H⊗ . A graph g is mapped to the corresponding state g  constructed from the 
initial state 
nφ ⊗  by successively applying the edge operator corresponding to each edge in g. 
Let ( )1 0 1
2
+ ≡ +  and ( )2 1,1,1, 1Z diag≡ − . Then ( )2 2, ,Z+   is the simplest 
case and it is used to encode simple graphs into graph states. The framework has been extended to 
multiple graphs, random graphs, directed graphs and weighted graphs [7]. In this section, we 
extend the framework to hypergraphs. We firstly modify the axioms A1-A3 in [7] into the 
following axioms A1’- A3’ in order to fit to hypergraphs. 
Axiom A1’: Separability. Suppose two hypergraphs ( ),g V E= , ( )' ', 'g V E=  have no 
same vertex, i.e., 'V V = Φ∩ . Then we have 
' 'g g g g∆ = ⊗ .                              (6) 
Axiom A2’: Hypergraph isomorphism. If two hypergraphs ( ),g V E= , ( )' ', 'g V E=  are 
isomorphic, the corresponding density operators g gρ =  and ' ' 'g gρ =  satisfy 
( ) ( ) 1' D P D Pρ ρ −=                              (7) 
where ( )D P  is a matrix representation of the permutation P on V mapping g to g’. 
According to the above two axioms, we can obtain the following proposition. 
Proposition 1. Given a hypergraph ( ),g V E=  of n vertices, the corresponding quantum state 
g  belongs to a Hilbert space nH ⊗ of n identical quantum systems where H is the Hilbert space 
associated to a single vertex. Moreover, the empty hypergraph is mapped to 
nφ ⊗  where 
Hφ ∈ . 
Proof. It is the same as proposition 1 in [7]. □ 
Axiom A3’: Universal hyperedge operator. If two hypergraphs ( ),g V E= , ( )' , 'g V E=  
differ by a single hyperedge, i.e., { }'E E e= ∪  where e V⊆ , then 
' eg U g= .                                  (8) 
The hyperedge operator eU  is independent of g and g’ and depends only on the hyperedge e.  
Given a hypergraph ( ),g V E=  of n vertices, the axioms A1’-A3’ provide a constructive way 
to obtain the corresponding quantum state g : starting from the empty hypergraph 
nφ ⊗  we 
apply the hyperedge operator corresponding to each hyperedge in E, that is,  
n
e
e E
g U φ ⊗
∈
= ∏ .                              (9) 
This construction is consistent if the hyperedge operator satisfies the following conditions C1’-C3’ 
which are a generalization of three consistency conditions in [7]. Since there are n+1 types of 
hyperedges according to the cardinality of a hyperedge, we give the first condition. 
Condition C1’: Variety. There are n+1 basic operators 0 1, ,..., nU U U where the operator kU  
acts on 
kH ⊗  for all 1 k n≤ ≤  and 0U ∈ is a constant. 
In this paper, we only discuss the undirected hypergraphs. Hence we combine the conditions 
C2-C3 shown in [7] into the following condition. 
Condition C2’: Locality and symmetry. The hyperedge operator eU  acts nontrivially only on 
e
H
⊗
 associated with vertices in e,  
n e
e e
U U I
⊗ −
= ⊗ ,                             (10) 
with I the identify acting on the rest. In particular, 0
nU U I ⊗Φ = ⋅ . 
Condition C3’: Commutability. Any two hyperedge operators commute. 
We denote the above framework for hypergraphs by a triple { }( ), , | 0kH U k nφ ≤ ≤ . In the 
following section, we will identify H , φ  and { }| 0kU k n≤ ≤  to construct hypergraph 
states. 
 
4. Hypergraph states 
We firstly define some special gates called the hyperedge gates and discuss their properties. Let 
kZ  be the 2
k
 by 2k  diagonal matrix which satisfies 
( ) 1 2
1
k
k jj
j
Z
others
− =
= 

.                           (11) 
Clearly, 0Z  is equal to -1 and 1Z  is just the Pauli matrix zσ . If 2k ≥ , then kZ  is a 
controlled phase operator acting on k qubits with k-1 control qubits and one target qubit. Note that 
kZ  does not depend on which of k qubits is the target one. 
Suppose [ ]e n⊆ . If { }1 2, ,..., ke i i i= , define the operator eZ  as n kkZ I ⊗ −⊗  which 
means that kZ  acts on the 1i -th, 2i -th, …, and ki -th qubits while I acts on the rest respectively. 
We call eZ  a hyperedge gate on n qubits. Moreover, define the operator ZΦ  as 
nI ⊗− . Note that 
{ }jZ  implies 1Z  acting on the j-th qubit, i.e., 
( )
{ }
j
j z nZ Gσ= ∈ . 
Clearly, hyperedge gates have the following properties. [ ], 'e e n∀ ⊆ , (i) eZ  is hermitian and 
unitary, thus 
2 n
eZ I
⊗
= ; (ii) ' 'e e e eZ Z Z Z= ; (iii) eZ  is independent with the other hyperedge 
gates, i.e., eZ  can not be written by a product expression of the other hyperedge gates. Note that 
hyperedge gates are a class of special quantum Boolean functions which are independent and 
commutative with each other. This implies that any hypergraph [ ]( ),n E  can give rise to a 
quantum Boolean function e
e E
Z
∈
∏ . 
Given a hypergraph [ ]( ),g n E= , an n-qubit state g  can be constructed by g as follows. 
Each vertex labels a qubit (i.e.,
2H =  ) initialized in φ = + . The basic operators are kZ  
for all 0 k n≤ ≤ . The state g  is obtained from the initial state n⊗+  by applying the 
hyperedge operator eZ  for each hyperedge e E∈ , that is, 
n
e
e E
g Z
⊗
∈
= +∏ .                               (12) 
This construction is consistent since the basic operators { }| 0kZ k n≤ ≤  and the hyperedge 
gates satisfy the conditions C1’-C3’. The state g  is called an n-qubit hypergraph state. Thus 
hypergraph states are corresponding to { }( )2 , , | 0kZ k n+ ≤ ≤ . 
 
5. Real equally weighted states and hypergraph states 
It is known that real equally weighted states, which are of the form fψ  in (1), occur in 
Grover and Deutsch-Joza algorithms. In this section we discuss the relation between real equally 
weighted states and hypergraph states.  
We can construct a 1-1 correspondence between { }| ng g ∈Θ  and { }|f nfψ ∈Ω .  In 
fact, it is clear that [ ], 'e e n∀ ⊆ , 
( ) ( )2 1
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By (4) and (12), we have [ ]( ), ng n E∀ = ∈Θ ,  
( ) ( ) ( )
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Hence this implies that real equally weighted states are equivalent to hypergraph states. In 
particular, the set of all graph states is just the set ( ){ }| codeg 2f nf Q fψ ∈ ∧ = . This 
implies that hypergraph states include graph states.  
 
6. Operators in Pauli group and adding hyperedges 
In this section we show that any operator in Pauli group on a hypergraph state can be translated 
into the operation of adding some specified hyperedges to the corresponding hypergraph. 
Proposition 2. Let [ ]( ),g n E=  be a hypergraph, and let ( ) ( ){ },k kx zU σ σ∈  where [ ]k n∈ . 
Then the state 'g U g=  is corresponding to the hypergraph [ ]( )' , 'g n E=  where 
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It implies that 
( )k
xσ  responds to adding all hyperedges of { }{ }|e k k e e E− ∈ ∧ ∈  to g while 
( )k
zσ  is corresponding to adding the hyperedge { }k  to g. In Fig. 1, the hypergraph ag  is 
transformed into bg  by applying 
( )1
xσ  on the hypergraph state ag . 
Proof. From (15), we have ( )u gg ψ=  and ( ) ( ) ( )e Eu g x c e∈= ⊕ . It is well known that 
each nf ∈Ω  can be written as 
( ) ( ) ( ) ( )1 1 1 1 1 11 ,..., ,0, ,..., ,..., ,1, ,...,k k k n k k k nf x x f x x x x x f x x x x− + − += − ⋅ + ⋅ .   (17) 
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When 
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xU σ= , we have 
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It is clear that ( ) ( ) { }{ } ( )1 1 1 ' |,..., ,1 , ,..., 'k k k n e E e k k e e Eu g x x x x x c e− + ∈ ∆ − ∈ ∧ ∈⊕ = ⊕ . Thus we can get 
{ }{ }' |E E e k k e e E= ∆ − ∈ ∧ ∈ . When ( )kzU σ= , we have { }{ }'E E k= ∆   in that 
( )
{ }
k
z k
Zσ = . □ 
It is well known that the Pauli group nG  can be generated by the set 
{ } ( ) ( ) [ ]{ }, |k kn x ziI k nσ σ⊗ ∈∪ . This means that any operator nU G∈  transforms a hypergraph 
into a new one (up to the global phase i) according to the above proposition. Moreover, U is 
translated into the operation of adding the associated hyperedges. 
 
7. Hypergraph states, graph states and stabilizer states 
In this section we answer the following questions: (i) whether every hypergraph state is of 
stabilizer states and (ii) whether every hypergraph state is of graph states. Thereby, we describe 
the relations among stabilizer states, graph states and hypergraph states. Note that local unitary 
transformations are not considered in this section. 
An n-qubit stabilizer state ϕ  is defined as a simultaneous eigenstate with eigenvalue 1 of n 
commuting and independent operators in the Pauli group nG . The set 
{ }| nM M M Gϕ ϕ= ∧ ∈  is called the stabilizer of ϕ . We first answer the question (i) as 
follows. 
Propositon 3. If the rank of a hypergraph [ ]( ),g n E=  is more than 2, then the corresponding 
hypergraph state g  is not any stabilizer state. 
Proof. According to the definition of the hypergraph states, we can obtain
n
e
e E
g Z
⊗
∈
= +∏ . 
Clearly, the state
n⊗
+ is of stabilizer states, and its stabilizer is generated by the 
set
( ) [ ]{ }|kx k nσ ∈ . Assume that g  is a stabilizer state. It would be true that  
( )
†
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e x e n
e E e E
Z Z Gσ
∈ ∈
   
∈   
   
∏ ∏  for all [ ]k n∈ . Since ( ) 2ran g > , there exist a hyperedge re  
and an integer j such that ( ) 2re ran g= >  and rj e∈ . According to proposition 2, we have 
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†
nj
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e E e E
Z Zσ
⊗
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+   
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∏ ∏                                 
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Z Z
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= ⋅ +∏ ∏                              
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e
e e j j e e E
Z
⊗
∈ − ∈ ∧ ∈
= +∏ .                                (20) 
Clearly, { } { }{ }' | ' 're j e j j e e E− ∈ − ∈ ∧ ∈  and { } 2re j− ≥ . Thus
{ }{ }' | ' '
e n
e e j j e e E
Z G
∈ − ∈ ∧ ∈
∉∏  
which is contradictory with 
( )
†
j
e x e n
e E e E
Z Z Gσ
∈ ∈
   
∈   
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∏ ∏ . □ 
As all graph states constitute a subclass of stabilizer states, the above hypergraph state is also 
not of graph states. Thus we can describe the relations among hypergraph states, graph states and 
stabilizer states: hypergraph states include graph states; graph states constitute a subclass of the 
stabilizer states; and any hypergraph state, constructed by a hypergraph whose rank is more than 2, 
is not of stabilizer states. This is shown in Fig. 2. 
 
8. Local Pauli measurements and deleting vertices 
It is well known that any projective measurement associated with operators in the Pauli group 
can be treated within the stabilizer formalism [6]. Since any stabilizer state is local equivalent to a 
graph state [22], any measurement of operators in the Pauli group turns a given graph state into a 
new one (up to local unitaries). It can not be directly generalized to hypergraph states because 
some hypergraph states are not of stabilizer states according to the above section. However, we 
find the Pauli measurement of 
( )k
zσ can turn a given hypergraph state into another one. 
Proposition 4. Let [ ]( ),g n E=  be a hypergraph, and let g  be its hypergraph state. If a 
local measurement of 
( )k
zσ  on the qubit associated with vertex [ ]k n∈  is performed, then the 
resulting state, depending on the outcome {1, 1}j ∈ − , is given by 
( ) { } ( )
( ) { } ( )
0 0 0 1
1 1 1 1
k k
k k
g g k j
g g k j
+
−
 = − ⊗ =

= − ⊗ = −
.               (21) 
It implies that two possible resulting states are respectively corresponding to two ways of deleting 
the vertex k.  
Proof. According to (15), ( )u gg ψ=  and ( ) ( ) ( )e Eu g x c e∈= ⊕ . Clearly, we also obtain 
the expression (18). It is known that 
( ) ( ) { } ( )1 1 1 ' |,..., ,0, ,..., 'k k n e E e k e e Eu g x x x x c e− + ∈ ∆ ∈ ∧ ∈= ⊕                (22) 
and 
( ) ( ) { } { }{ } ( )1 1 1 ' | |,..., ,1, ,..., 'k k n e E e k e e E e k k e e Eu g x x x x c e− + ∈ ∆ ∈ ∧ ∈ ∆ − ∈ ∧ ∈= ⊕ ,            (23) 
which combined with (18) gives (21). □ 
Fig. 1 shows that the hypergraph ag  is transformed into one of cg  (when the outcome is 1) and 
dg  (when the outcome is -1) by performing a local measurement of 
( )1
zσ  on the state ag . 
Note that there exists a relation between { }g k+−  and { }g k−− : let ( )' kxg gδ= , then 
{ } { }'g k g k
− +− = − . By the above proposition, it is known that any measurement of the set 
generated by 
( ) [ ]{ } { }|k nz k n Iσ ⊗∈ −∪  can turn a given hypergraph state into another one.  
 
9. Entanglement 
Entanglement is a major resource in quantum information processing. In this section, we first 
investigate the entanglement structure of hypergraph states. Then we quantify the entanglement in 
hypergraph states by the Schmidt measure [23] and give some properties. 
A pure state is m-separable if it can be written as tensor products of pure states of m subsystems 
[21]. An n-qubit pure state is fully separable if it is n-separable. Otherwise, it is entangled. If an 
n-qubit pure state is not biseparable, it is completely entangled. The entanglement structure of real 
equally weighted states has been investigated in [13] and [14]. In this section, we study the 
entanglement structure of hypergraph states by hypergraph theoretical terms.  
Proposition 5. Let [ ]( ),g n E=  be a hypergraph. Then the state g  is m-separable if and only 
if there is m subhypergraphs ( ) ( ) ( )1 1 1 2 2 2, , , ,..., ,m m mg V E g V E g V E= = =  such that 
{ }1 2, ,... mV V V  is a partition of [ ]n , 
1
k
k m
E E
≤ ≤
= ∪  and 
1
k
k m
g g
≤ ≤
= ⊗ . 
Proof. (i) “if”. It is clear that j kE E = Φ∩  for all j k≠ . Thus we have 
1 2
1 2
... m
m
n V V V
e e e e
e E e E e E e E
g Z Z Z Z
⊗ ⊗ ⊗ ⊗
∈ ∈ ∈ ∈
= + = + ⊗ + ⊗ ⊗ +∏ ∏ ∏ ∏ .    (24) 
(ii) “only if”. Since g is m-separable, the state g can be written as 1 2 ... mϕ ϕ ϕ⊗ ⊗ ⊗  
where 1 2, ,..., mϕ ϕ ϕ  are the real equally weighted states [14]. The states 1 2, ,..., mϕ ϕ ϕ  
are also of hypergraph states according to Sec. 5. □ 
  From the above proposition, one can glimpse the entanglement structure of any hypergraph 
state by merely looking at its corresponding hypergraph. This is shown in the following corollary. 
Corollary 6. Let [ ]( ),g n E=  be a hypergraph. Then (i) The state g  is fully separable if 
and only if the hypergraph g is trivial; (ii) If the state g  is completely entangled if and only if 
the hypergraph g is connected; (iii) If the state g  is m-separable, then ( )m con g≤ ; (iv) If the 
state g  is m-separable, then ( ){ }min 1,m n ran g n≤ − + ; (v) If E contains the hyperedge 
[ ]n , then the state g  is completely entangled. 
From (v) in the above corollary, the number of completely entangled states in { }| ng g ∈Θ  
is at least 
2 12
n
−
 since the number of hypergraphs containing the hyperedge [ ]n  is 2 12 n − . 
Moreover, when n → ∞ , the states in { }| ng g ∈Θ  are nearly completely entangled, that is, 
the hypergraphs of nΘ  are almost connected. In fact, the number of disconnected hypergraphs of 
nΘ , denoted by disconN , satisfies 
 ( ) ( ) ( )1 11 12 2 2 2 2 2
1 1
, 2 2 , 2 2 2 2
k n k n n
n n
n
discon
k k
N B n k B n k
− − −
− −
+ +
= =
≤ ⋅ ≤ = −∑ ∑      (25) 
where B denotes the binomial coefficient. It is known that 
22
n
nΘ = . Thus we have  
( ) 12 2
2 2
2 2 2
lim lim 0
2 2
n
n n
n
discon
n n
N
− +
→∞ →∞
−
≤ = .                (26) 
It means that for large n some quantum algorithms (e.g., the Grover search algorithm) typically 
employ complete entanglement. 
Ref. [1] has characterized and quantified the multipartite entanglement of graph states in terms 
of the Schmidt measure. The Schmidt measure SE  has the following properties [1, 23]: (i) 
( ) 0SE ϕ =  if and only if ϕ  is a product (i.e., fully separable) state; (ii) SE  is an 
entanglement monotone that does not increase under stochastic local operations with classical 
communications (SLOCC). In particular, SE is invariable under local unitaries; (iii) 
( ) ( ) ( ){ }max , 1S S SE E Eϕ φ ϕ φ+ ≤ + ; (iv) ( ) ( )S SE Eϕ φ ϕ⊗ =  if φ  is 
fully separable.  
Let [ ]( ),g n E=  be a hypergraph. Then we can obtain the following propositions according 
to these properties of the Schmidt measure. 
Proposition 7. Let { }{ }|F e k k e e E= − ∈ ∧ ∈  where [ ]k n∈ . Then we have 
( ) 's sE g E g=     where [ ]( )' ,g n E F= ∆ . 
Proof. It is known that
( )
'
k
xg gσ=  by proposition 2. Thus ( ) 's sE g E g=    . 
Proposition 8. Let { }( ) { }( ){ }max ,ks s sE E g k E g k+ −= − −  where [ ]k n∈ . Then we 
have ( ) 1k ks s sE E g E≤ ≤ + . 
Proof. Clearly, { }( ) ( )s sE g k E g+− ≤ and { }( ) ( )s sE g k E g−− ≤  by proposition 4. 
Thus ( )ks sE E g≤ . It is known that { } ( ) { } ( )( )1 0 1
2
k k
g g k g k+ −= − ⊗ + − ⊗ , 
which implies ( ) 1ks sE g E≤ + .  
According to the above proposition and the definition of vertex cover, the following proposition 
can be easily obtained. 
Proposition 9. The Schmidt measure of the hypergraph state g  is less than or equal to the 
cardinality of minimal vertex cover of the hypergraph g. 
 
10. Conclusion 
In this paper we develop an axiomatic framework for encoding hypergraphs into quantum states, 
which implies that hypergraphs will play an important role in characterizing several families of 
multipartite quantum states. To see this, we use the axiomatic framework to define the hypergraph 
states which are equivalent to real equally weighted states. Therefore one can investigate the 
properties of real equally weighted states by hypergraph theory. For instance, we provide some 
transformation rules, stated in purely hypergraph theoretical terms, which completely characterize 
the evolution of hypergraph states under some local operations, including operators in Pauli group 
and some special local Pauli measurements. Moreover, we also investigate some properties of 
multipartite entanglement of hypergraph states by means of hypergraph theory. 
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Figure 1. Examples of hypergraphs. The hypergraphs (a)-(d) have the same vertex set 
{ }1,2,3,4 . The hypergraph ag  in (a) has 4 hyperedges: { }1 , { }2,3 , { }3,4  and { }1,2,3 . 
In (b), the hypergraph bg  also has 4 hyperedges: { }Φ , { }1 , { }3,4  and { }1,2,3 . Two 
hyperedges, i.e., { }2,3 and{ }3,4 , constitute the hyperedge set of cg  in (c). The hypergraph 
dg  in (d) has 2 hyperedges: { }Φ  and { }3,4 . The hypergraphs cg  and dg  are respectively 
corresponding to { }1ag +−  and { }1ag −−  while { } { }{ }, 2,3b ag g= + Φ . 
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Figure 2. The relations among hypergraph states, graph states and stabilizer states. Graph states 
constitute a subclass of hypergraph states or stabilizer states. The intersection of hypergraph states 
and stabilizer states of n qubits is the set ( ){ }| 2ng g ran g∈Θ ∧ ≤ . 
Hypergraph states Stabilizer states Graph states 
